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This paper explicitly provides two exhaustive and inﬁnite families of pairs (M,k), where
M is a lens space and k is a non-hyperbolic knot in M , which produces a manifold
homeomorphic to M , by a non-trivial Dehn surgery. Then, we observe the uniqueness of
such knot in such lens space, the uniqueness of the slope, and that there is no preserving
homeomorphism between the initial and the ﬁnal M ’s. We obtain further that Seifert
ﬁbered knots, except for the axes, and satellite knots are determined by their complements
in lens spaces. An easy application shows that non-hyperbolic knots are determined by
their complement in atoroidal and irreducible Seifert ﬁbered 3-manifolds.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
1.1. The generalized knot complement problem
This paper concerns the problem to know if a knot is determined by its complement, and the related but more general
problem of the Dehn surgery construction [6]; in particular those non-trivial Dehn surgeries on a non-trivial knot k in
a 3-manifold M , which yield a homeomorphic manifold to M . This pair (M,k) is said to be a cosmetic pair.
A knot k in a 3-manifold M is determined by its complement if the existence of a homeomorphism between the com-
plement of k in M , Mk , and the complement of another knot k′ say, Mk′ , implies the existence of a homeomorphism
from (M,k) to (M,k′). We may note that the homeomorphism between the knot complements is assumed to preserve
the orientations. This problem was raised by Tietze in 1908 in S3 [19], and later generalized in compact and orientable
3-manifolds.
For non-triviality reasons, we assume that the complement of k in M is not homeomorphic to D2×S1. In 1987 and 1989,
Gabai [8], and Gordon and Luecke [11] proved respectively that there is no cosmetic pair, if M is respectively S2 × S1 or S3
(the knot is assumed to be a non-trivial knot). As consequences, knots are determined by their complements in S2 × S1
and S3.
Until now, there are a few examples of cosmetic pairs, see [2,7,13,16,17]; the more simple cases are described below in
the following subsection (trivial knot, amphicheiral knots in S3, and axes in lens spaces).
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cosmetic pairs. One family concerns Seifert ﬁbered knots, the other concerns satellite knots. For precise deﬁnitions, see next
section (preliminaries).
These families contain all the cosmetic pairs, within a Seifert ﬁbered knot or a satellite knot. Furthermore, the description
of these families lead to answer all the natural questions on this problem concerning the uniqueness of the knot, the
uniqueness of the slope, to know if the knot is determined by its complement and if the homeomorphism between the
initial and the resulting manifolds preserves or reverses the orientation.
Theorem 1.1. There exist two inﬁnite families FSft and FSat of cosmetic pairs (M, K ) which satisfy all the following properties.
(i) M is a lens space.
(ii) If (M, K ) ∈ FSft then MK is a Seifert ﬁbered manifold.
(iii) If (M, K ) ∈ FSat then MK contains an essential 2-torus.
(iv) If (M, K ) is a cosmetic pair such that M is a lens space and K is a non-hyperbolic knot, which is neither in a 3-ball nor an axis
of M, then (M, K ) ∈ FSft ∪ FSat , up to homeomorphism.
(v) K admits a single non-trivial slope r such that MK (r) ∼= M.
(vi) There exists an automorphism on MK which sends μK to r.
(vii) If (M, K ) and (M, K ′) both lie in FSft and FSat and MK ∼= MK ′ then K ′ is ambient isotopic to K .
(viii) All the homeomorphisms between M and MK (r) reverse the orientations.
We know that the axes in L(p,q) are determined by their complement if and only if q2 ≡ ±1 mod p, see [13].
Corollary 1.2. Non-hyperbolic knots in lens spaces are determined by their complement, except the axes in L(p,q) when q2 ≡
±1 mod p.
Note that there exist hyperbolic knots which are not determined by their complement in lens spaces. In [14], we give an
inﬁnite family of such knots containing the knot of Bleiler, Hodgson and Weeks [2] (which is the alone such knot known
until now).
We combine these results with [1,10,17] to study the knot complement problem for non-hyperbolic knots in closed
3-manifolds. In [17, Theorem 1], Rong classiﬁed1 Seifert ﬁbered knots which are not determined by their complement in
closed 3-manifolds except lens spaces.
Theorem 1.3. Non-hyperbolic knots are determined by their complement in closed, atoroidal and irreducible Seifert ﬁbered
3-manifolds; except the axes in L(p,q) when q2 ≡ ±1 mod p.
Proof. Let M be an atoroidal and irreducible Seifert ﬁbered 3-manifold, and K a non-hyperbolic knot in M . Assume for
a contradiction, that K is not determined by its complement. Then there exists a non-trivial slope r such that MK (r) is
homeomorphic to M .
We may assume that K does not lie in a 3-ball, by [11]. If MK is Seifert ﬁbered, then either M is a lens space or a
Seifert ﬁbered manifold whose base surface is a 2-sphere, with three singular ﬁbers. If the former case, the result follows
by Corollary 1.2. If the later case, we follow Rong’s results [17].
Finally, assume that K is a satellite knot, i.e. MK contains an essential 2-torus. By Corollary 1.2, we may assume that M
is not a lens space. Since M is atoroidal, there exists K0 a companion knot of K , i.e. K lies in the interior of N (K0), but K
does not lie in a 3-ball and is not isotopic to K0 inside V0 = N (K0).
Then V0K (r) is a solid torus, otherwise ∂V0 is an essential 2-torus inside M; which is atoroidal: a contradiction. There-
fore, there exists a non-trivial slope r0 such that MK0 (r0) is homeomorphic to M . Since K0 is determined by its complement
in M , there exists an automorphism h onto MK0 which switches the slope μK0 and r0. By Berge [1], h can be extended to
an automorphism onto MK which switches the slopes μK to r. Thus, K is determined by its complement, see Lemma 1.5;
which is the ﬁnal contradiction. 
Corollary 1.4. Let M be a closed, atoroidal and irreducible Seifert ﬁbered 3-manifold, and K be a non-hyperbolic knot in M which does
not lie in a 3-ball.
If there exists a non-trivial slope r such that MK (r) is homeomorphic to M, then all the homeomorphisms between M and MK (r)
reversed the orientations.
1 The proof of [17, Theorem 1] (which is based on a claim on p. 347, lines 1–13) omits the case of Seifert ﬁbered knots in lens spaces. In the case of
Seifert ﬁbered knots in lens spaces, the base of X(r) and X(s) is S2 with two cone points. Therefore, the natural ﬁbrations of X(r) and X(s) respectively,
induced by X , have a different total Euler number; which differs to the Euler number which corresponds to the surgery slope (for the deﬁnition of the
Euler number, see [17, Remark 2, p. 344]). The core of the Dehn-surgery is a regular ﬁber, and the surgery slope is described in Lemma 3.6.
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does not lie in a 3-ball.
Assume there exists a non-trivial slope r such that MK (r) is homeomorphic to M . If M is a lens space, then the result
follows by Theorem 1.1. Then, M is a Seifert ﬁbered manifold whose base surface is a 2-sphere, with three exceptional
ﬁbers.
Assume for a contradiction that there exists a homeomorphism h on M to MK (r) which preserves the orientation.
Let f1 be an exceptional ﬁber in M such that f1 is not isotopic to K neither h−1(Kr) in M . Since, h preserves the ﬁbers,
g1 = h( f1) is an exceptional ﬁber in MK (r) which is not isotopic to K .
Let M f1 be the complement of f1 in M . When we restrict h from M f1 to MK (r)− intN (g1), we obtain a homeomorphism
g which preserves the orientation. Now, let m be an integer slope on ∂N ( f1). Then killing m is doing an m-Dehn surgery on
f1 in M , produces a lens space L. Extending g to the lens space L by attaching a suitable solid torus to MK (r) − intN (g1),
we obtain a homeomorphism which preserves the orientation between L and LK ∗(r∗), where K ∗ and r∗ are the images of
K and r, after the m-Dehn surgery. But this is impossible, by Theorem 1.1. 
1.2. Preliminaries
These preliminaries are devoted to set the background of the context: classical deﬁnitions, examples and well-known
results.
Throughout this paper, we shall restrict to 3-manifolds that are compact connected and orientable. Let M be a
3-manifold, and k be a knot in M . We denote by N (k) a tubular neighborhood of the knot k in M , i.e. N (k) ∼= D2 × k,
T = ∂N (k) denotes its boundary, and Mk = M − intN (k) the exterior or complement of k in M .
1.2.1. Dehn surgeries
A Dehn surgery on M along k consists to glue a solid torus V = D2×S1 to M along T , by a homeomorphism from T to ∂V .
They are parametrized by the slopes on T , i.e. isotopy classes of unoriented essential simple closed curves on T . We may
recall that the slopes are parametrized by Q ∪ {∞} (see [16]): after choosing a pair (μ,λ) as a basis for H1(T ) = Zμ ⊕ Zλ,
the slope γ is identiﬁed to the rational number pq with p ∧ q = 1, if [γ ] = pμ + qλ. In the following, μ = 1/0 always
denotes a meridian slope of k, i.e. the boundary of a meridian disk in N (k).
A γ -Dehn surgery is a Dehn surgery in which a meridian curve of V is attached to the slope γ on T . The 1/0-Dehn
surgery is called the trivial surgery. We denote by Mk(γ ) the 3-manifold obtained by γ -Dehn surgery along the knot k. Thus
Mk(γ ) = Mk ∪ Jγ , where Jγ denotes the attached solid torus, in such a way that γ bounds a (meridian) disk in Jγ . We
denote by kγ the core of Jγ , and call kγ the core of the γ -Dehn surgery.
1.2.2. Cosmetic slopes
Let r, s be two distinct slopes. We say that an r-surgery and an s-surgery are cosmetic, or equivalently that the slopes r
and s are cosmetic, if Mk(r) and Mk(s) are homeomorphic manifolds. Moreover, k is said to be a cosmetic knot in M . Some
examples are well known.
– If U denotes the unknot in S3, then (S3,U ) is cosmetic since S3U (1/n)
∼= S3 for all integers n.
– Similarly, if U denotes the unknot or an axis of a lens space L, then (L,U ) is a cosmetic pair, with an inﬁnite number
of cosmetic slopes, see Lemma 3.1.
– Amphicheiral knots in S3 are also cosmetic, where r and −r are the cosmetic slopes for all rational slopes r; see
[2, Fig. 1] and [16, Chapter 9].
– The trefoil knot T2,3 in S3 is also cosmetic [13,15], where the cosmetic slopes are 9 and 9/2.
If k is a cosmetic knot in a 3-manifold M , such that MK is not a solid torus, we can wonder if k admits only a ﬁnite
number of cosmetic slopes, and further what is the best upper bound? For a nice survey on cosmetic surgery on knots,
see [2].
In the following, we denote by μk the meridian slope of k, and by r a rational slope, i.e. r = μk . We say that the pair
(M,k) is a cosmetic pair if there exists a rational slope r such that Mk(r) ∼= M . Then we say that r is a cosmetic slope; in all
the following a cosmetic slope is assumed not to be the trivial slope μk . If Mk(r) ∼= Mk(s), then (Mk(r),kr) is a cosmetic
pair, where kr is the core of the r-Dehn surgery. Indeed, let N = Mk(r). Since Mk ∼= Nkr then there are two distinct slopes
rN and sN corresponding to r and s respectively, such that Mk(r) ∼= Nkr (rN ) and Mk(s) ∼= Nkr (sN ); notice that rN = 1/0 is a
meridian slope of kr . Therefore, there exists a non-trivial Dehn surgery along kr , which produces N .
1.2.3. The knot complement problem
The existence of cosmetic pair is related to the “knot complement” problem, that is the problem to know if a knot is
determined by its complement.
Let M,M ′ be 3-manifolds and k,k′ be knots in M and M ′ respectively. We note (M,k) ∼= (M ′,k′) if there exists a home-
omorphism between (M,k) and (M ′,k′). Two knots k and k′ in a 3-manifold M are said equivalent, or of the same type, if
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knot k′ .
Now, assume that (M,k) is a cosmetic pair such that r is a single rational slope, for which Mk(r) ∼= M , then k is de-
termined by its complement if and only if there is an automorphism of Mk which sends μk to r; for more details see
Lemma 1.5. In particular, if k is not determined by its complement in M , then (M,k) is a cosmetic pair.
The problem of knot complement is solved in S2 × S1 by Gabai [8,9] and in S3 by Gordon and Luecke [11]: knots are
determined by their complement in S2 × S1 and in S3.
1.2.4. Geometric types of knots
Let M be a closed and irreducible 3-manifold (i.e. any 2-sphere bounds a 3-ball inside M), and let K be a knot in M
which is not inside a 3-ball in M . By the Geometrisation Theorem of Thurston [18], MK is either
(i) a Seifert ﬁbered manifold, or
(ii) a toroidal manifold, or
(iii) a hyperbolic manifold.
Recall that:
(i) a Seifert ﬁbered manifold is a 3-manifold with a decomposition as a disjoint union of circles (the ﬁbers), i.e. MK is
a S1-bundle over a 2-dimensional orbifold;
(ii) a toroidal manifold if it contains an essential 2-torus T say, which means that T does not bound a solid torus and is
not parallel to ∂M;
(iii) MK is a hyperbolic manifold if IntMK admits a complete hyperbolic structure of ﬁnite volume.
In each respective case, we say that K is
(i) a Seifert ﬁbered knot,
(ii) a tor-knot, or
(iii) a hyperbolic knot.
A knot K is said to be a satellite knot with companion K0 if K lies in N (K0) such that K does not lie in a 3-ball inside
N (K0), and K is not isotopic to K0 in N (K0). Then, ∂N (K0) is an essential 2-torus in MK , if ∂MK0 is incompressible.
Consequently, if M is atoroidal (i.e. does not contain an essential 2-torus) then a tor-knot is a satellite knot.
1.2.5. Lens spaces
We ﬁx here the conventions we keep for lens spaces in all the following. Lens spaces may be viewed as the orientable,
closed 3-manifolds which admit a Heegaard diagram of genus one, excluding S3 and S2 × S1 in all the following. Then,
a lens space is obtained by identifying two solid tori V1 and V2, by an orientation reversing homeomorphism on their
boundary. A knot in a lens space is said to be an axis, if its complement is homeomorphic to a solid torus; as the cores of
the solid tori V1 and V2. Let us denote respectively by a1 and a2, the cores of V1 and V2. The meridian slope of ai (for
i = 1 or 2) is the non-oriented isotopy class of the essential simple closed curve on ∂V i , which bounds a disk in Vi . Let μi
be such a meridian slope. A longitudinal slope on ∂Vi is a non-oriented isotopy class of an essential simple closed curve on
∂Vi , which intersects μi exactly once. Let λi be such a longitudinal slope.
Up to isotopy, there are only two axes. Let {i, j} = {1,2}. According to the integers p and q, we say that an axis ai in
the lens space L(p,q) is the working axis, if the meridian slope of a j runs p times in a longitudinal direction and q times
in the meridian direction. In other words, ai is a working axis of L(p,q), if there exists a longitudinal slope λi , such that
[μ j] = p[λi] + q[μi] in H1(∂Vi,Z).
1.2.6. Orientations and notations
All the manifolds are oriented 3-manifolds. We will indicate when we take care about orientations. We denote by −M
the 3-manifold with the reversed orientation. For convenience, we will use the following notations. Let M1 and M2 two
(oriented) 3-manifolds. Then:
M1 ∼= M2 means that M1 and M2 are homeomorphic manifolds, with no information about orientations.
M1  M2 means that M1 and M2 are not homeomorphic manifolds (independently of their orientations).
M1 ∼= +M2 means that there exists a homeomorphism between M1 and M2, which preserves the orientations.
M1 ∼= −M2 means that there exists a homeomorphism between M1 and M2, which reverses the orientations.
The lens spaces are considered with the canonical orientation. Keeping the above notations, if [μ2] = p[λ1] + q[μ1] and
[μ1] = −p(λ2] + q′[μ2] then L(p,q) ∼= −L(−p,q′).
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Before the organization of the paper, we look at evidence between the existence of a cosmetic slope and the knot
complement problem.
Lemma 1.5. Let (M, K ) be a cosmetic pair. Assume that there exists a single rational slope, r say, such that MK (r) ∼= M. Then K is
determined by its complement if and only if there is an automorphism of MK which sends μK to r.
Proof. First assume that K is determined by its complement. Let h be the homeomorphism from MK (r) to M . Let
K ′ = h(Kr), where Kr denotes the core of the r-Dehn surgery in MK (r). Then K and K ′ have homeomorphic comple-
ments in M . Therefore, there exists a homeomorphism g from (M, K ′) to (M, K ). The restriction of the composition g ◦ h
gives an automorphism on MK which sends the slope r to μK .
Now, assume that there exists an automorphism φ on MK which sends the slope r to μK . Let K ′ be a knot in M such
that there exists a homeomorphism h from MK ′ to MK . We want to prove that (M, K ) ∼= (M, K ′). Let s = h(μK ′ ). Therefore,
MK (s) ∼= M . The assumption implies that s ∈ {μK , r}. Composing h with φ if necessary, we may assume that there exists
a homeomorphism from MK ′ to MK which sends μK ′ to μK . Thus, we can extend this homeomorphism from (M, K ′) to
(M, K ). 
Lemma 1.6. Let (M, K ) be a cosmetic pair. Assume that there exists a single rational slope, r say, such that MK (r) ∼= M. If there exists
an automorphism on MK which sends μK to r, then all the homeomorphisms between M and MK (r) are reversing.
Proof. Let (M, K ) be a cosmetic pair such that there exists a single rational slope, r say, such that MK (r) ∼= M . Assume that
there exists an automorphism h on MK which sends μK to r. We can extend this automorphism to a homeomorphism from
M to MK (r), say h. If h preserves the orientation then the restriction of h to ∂MK preserves also the orientation on the
boundary of MK .
For homological reasons, h has to be of inﬁnite order. To see this, let f be the slope, which is the generator of the
inclusion-induced map H1(∂MK ,Q) → H1(M,Q). Choose a slope m on ∂MK such that { f ,m} is a basis for H1(∂MK ,Q).
Then h must send m to εmm + x. f and f to ε f f , where εm and ε f are ±1, and x is some integer. Since h preserves
the orientation the matrix of the restriction of h on ∂MK has to have positive determinant and so εm = ε f . Therefore
h is of inﬁnite order and there exists an inﬁnite family of rational slopes hk(r) (where k is an integer) which produce
homeomorphic manifold to M by a Dehn surgery on K ; a contradiction to the uniqueness of r. 
1.3. Organization of the paper
The paper is organized as follows.
Section 2 is devoted to the proof of Theorem 1.3.
Section 3 studies Dehn surgeries on Seifert ﬁbered knots in lens spaces which produce a lens space; in particular it
contains the proof of Theorem 1.1 for Seifert ﬁbered knots.
Section 4 contains the proof of Theorem 1.1 for satellite knots.
1.4. Open questions
We conclude by some open problems. In [2], Bleiler, Hodgson and Weeks exhibit an example of a hyperbolic knot in
L(49,18) which is not determined by its complement. In [14], we exhibit an inﬁnite family of such hyperbolic knots.
Question 1.1. What is the smallest order p such that L(p,q) contains a hyperbolic knot which is not determined by its
complement?
Some works on cosmetic pairs (M, K ) consist to consider null-homotopic knots K in M , see [3,12]. For progress in the
following question, see [3].
Question 1.2. Let K be a null-homotopic knot in a closed and hyperbolic manifold. Can π1(M,∗) ∼= π1(MK (a/b),∗)? If
π1(M,∗) ∼= π1(MK (a/b),∗), can we have M ∼= MK (a/b)?
In particular, the question is still open in lens spaces.
Question 1.3. Are null-homotopic knots determined by their complement in lens spaces?
Finally, we would like to have a good upper bound for the number of cosmetic slopes.
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trivial slopes r, s such that MK (r) ∼= MK (s) ∼= M?
Remark 1.7. Let M be a lens space. By Theorem 1.1, M can contain four non-equivalent knots (including the axes) k in M ,
such that (M,k) is a cosmetic pair.
Question 1.5. What is the best upper bound for the number of non-equivalent knots k in lens spaces M , such that (M,k)
are cosmetic pairs?
2. Closed manifolds which are not lens spaces
Let M be a closed 3-manifold and K be a knot in M . The goal of this section is the proof of Theorem 1.3.
Lemma 2.1. (Gordon and Luecke [11]) Let M be a 3-manifold and K a knot which lies in a 3-ball in M. The pair (M, K ) is a cosmetic
pair if and only if K bounds a disk.
Proof. If there exists a 3-ball B ⊂ M such that K lies in B . We consider M as the connected sum of S3 and M itself, along B .
Then MK (γ ) = M # S3K (γ ), for all slopes γ . If K is not a trivial knot, then S3K (γ )  S3, for all non-trivial slopes by [11].
Therefore, MK (γ )  M . 
Lemma 2.2. If MK is a Seifert ﬁbered manifold and (M, K ) is a cosmetic pair, then M is a Seifert ﬁbered manifold.
Proof. If MK is a Seifert ﬁbered manifold then MK (r) is Seifert ﬁbered for all slopes r but one. Indeed, if r is not a ﬁber on
∂MK then we can extend the Seifert ﬁbration to MK (r). Therefore, if M is not a Seifert ﬁbered manifold, there cannot have
two distinct slopes which yield M by a Dehn surgery; and so (M, K ) is not a cosmetic pair. 
Remark 2.3. Furthermore, if r is the slope which is the ﬁber, then MK (r) is a reducible manifold.
Therefore, hyperbolic manifolds cannot contain a Seifert ﬁbered knot, which gives the trivial and following consequence.
Corollary 2.4. There is no cosmetic pair (M, K ) where M is a hyperbolic manifold and K is a Seifert ﬁbered knot.
In all the remaining of the paper, we assume that M is a lens space.
3. Seifert ﬁbered knots in lens spaces
Let M be a lens space. If K is either a trivial knot or an axis, we said that (M, K ) is a trivial pair. Trivial pairs are trivial
cosmetic pairs.
Lemma 3.1. Trivial pairs are cosmetic pairs.
Proof. First, assume that K is a trivial knot. Then there exists a 3-ball B ⊂ M such that K lies in B . Considering M as the
connected sum of S3 and M itself, MK (γ ) ∼= M # (S3K (γ )), for all slopes γ . Therefore, M ∼= MK (1/n) for all integers n (for a
choice of a meridian and a preferred longitude of K ).
Now, assume that K is an axis, say a1. There exists a2 (the other axis) such that M ∼= V1 ∪ V2, where V1 and V2 are
solid tori, for which a1 and a2 are the respective cores. Therefore, MK ∼= V2 and MK (γ ) is the union of two solid tori
along their boundary. Thus, for all slopes γ , MK (γ ) is either a lens space, or S2 × S1 or S3. For a choice (μ,λ) of a pair
of a (meridian, longitude) of V2, a slope a/b = aμ + bλ in H1(∂V2,Z), then MK (a/b) is the lens space L(b,a). Hence,
MK (a/b) ∼= MK ((a+nb)/b) is the same lens space L(b,a) for all integers n, up to homeomorphism. In this choice, μK = q/p
if M ∼= L(p,q). Thus M ∼= MK ([μK ]) ∼= MK ((q + np)/p), for all integers n. 
Note that the axes are of the same type in L(p,q) if and only if q2 = ±1, mod p; see [13, Proposition 2.1].
From now, we assume that M is a lens space but (M, K ) is not a trivial pair; so K is neither a trivial knot nor an axis
of M . Here is the deﬁnition of the family FSft which occurs in Theorem 1.1.
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Deﬁnition ofFSft
Let E+e denote the set of positive and even integers.
Let PC denote the set of ordered pairs (m,n), where m and n are positive and coprime integers such that 2n m.
Note that m = 2n if and only if m = 2 and n = 1. Then
FSft =
{(
L
(
bm2
2
,
bmn
2
− 1
)
, Km,n
)
, b ∈ E+e , (m,n) ∈ PC
}
where Km,n is an (m,n)-cable of the working axis in L( bm
2
2 ,
bmn
2 − 1).
Note that there is a single working axis in such lens spaces. Moreover, with these notations, an (m,n)-cable of an axis
is also an (m,n)-cable of the other axis (with the reversed orientation); see Remark 3.7. We keep these notations and
deﬁnitions for FSft in all the following of the paper. The main goal of this section is the proof of the following theorem,
which implies Theorem 1.1 for Seifert ﬁbered knots.
Theorem 3.2. Let k be a Seifert ﬁbered knot in a lens space L, such that (L,k) is not a trivial pair. Then the pair (L,k) is cosmetic if and
only if there exists a pair (M, K ) ∈ FSft such that (L,k) ∼= (M, K ).
Moreover, let b ∈ E+e , (m,n) ∈ PC such that M = L(p,q), where p = bm2/2 and q = bmn/2− 1 and K is an (m,n)-cable of the
working axis in M. Let (μK , λK ) be a pair of (meridian, longitude) in ∂N (K ), such that λK is a preferred longitude. Then the following
claims all are satisﬁed.
(i) Let r = μK . Then MK (r) ∼= M if and only if r = (bmn− 1)/b.
(ii) There is no preserving homeomorphism between M and MK (r).
(iii) There exists an automorphism of MK which sends μK to r.
(iv) If K ′ is a Seifert ﬁbered knot in M such that (M, K ′) is a non-trivial cosmetic pair then K ′ is ambient isotopic to K .
To see more details on the deﬁnition of the preferred longitude of K , see (V) in Section 3.2.1; brieﬂy it is a longitude which
is homologous to a multiple of the preferred longitude of the working axis a1 (considering K inside a regular neighborhood
of a1).
Note that (iv) implies immediately the following consequence.
Corollary 3.3. Let M be a lens space. There is at most one Seifert ﬁbered knot k, such that k is not an axis and (M,k) is a cosmetic pair.
Corollary 3.4. Let K be a Seifert ﬁbered knot in the lens space L(p,q). Then K is not determined by its complement if and only if K is
an axis and q2 = ±1 mod p.
Proof. Let K be a Seifert ﬁbered knot in the lens space L(p,q). By Theorem 3.2(i) there exists a single rational slope r such
that MK (r) ∼= M . Now, by (iii) and Lemma 1.5, if K is not determined by its complement then K is an axis. Now, the axes
are equivalent if and only if q2 = ±1 mod p, see [13, Proposition 2.1]. 
Remarks 3.5.
1. If (M, K ) ∈ FSft then K is an (m,n)-cable of both axes, up to orientation; see Remark 3.20. But the parametrization of
the slope depends to the choice of the working axis, see Remark 3.21 and Fig. 1; where L(4,1) ∼= L(4,3).
2. If p  3 and M ∼= L(p,q) then there is no non-trivial cosmetic pair (M, K ) when K is a Seifert ﬁbered knot.
3. Let K be the (2,1)-cable of the working axis in M = L(4,1), then MK (3/2) ∼= L(4,1). This example has been tested by
the SnapPea program [20], and illustrated in Fig. 1. But K is determined by its complement. If k is a Seifert ﬁbered knot
in L(4,1), which is neither an axis nor the (2,1)-cable of an axis then (M,k) is not a cosmetic pair.
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with the same order.
3.1. Organization of the section
To prove Theorem 3.2, we proceed into six steps, which are the goals of the following subsections from 3.2 to 3.7
respectively.
Step 1. We look for necessary and suﬃcient conditions for a knot in a lens space with Seifert ﬁbered complement, to have
a non-trivial Dehn surgery which yields a lens space. Moreover, we provide the common notations for all the following of
the section.
Step 2. We require the additional property that the resulting lens space has the same order as the initial one. This will
imply Theorem 3.2(ii) in Step 5.
Step 3. We exhibit two inﬁnite families F− and F+ , and prove that (M, K ) is a cosmetic pair if and only if (M, K ) ∈
F− ∪ F+ and Theorem 3.2(i).
Step 4. We show that F− and F+ both represent the same family denoted by FSft . Then, we prove the ﬁrst part of
Theorem 3.2 and (i).
Step 5. We observe that there always exists an orientation reversing homeomorphism between the initial lens space and
the resulting one. This leads to the proof of Theorem 3.2(ii). Furthermore, there is never an orientation preserving homeo-
morphism.
Step 6. We prove Theorem 3.2(iii) and (iv). In other words, we see that for each lens space M which occurs in FSft there is
a single Seifert ﬁbered knot K , such that (M, K ) is a non-trivial cosmetic pair. Moreover, there exists an automorphism on
MK which sends μK to the rational slope r (which yields M by an r-Dehn surgery). Therefore, the knots which occur in FSft
are determined by their complement; a fortiori, all Seifert ﬁbered knots but the axes are determined by their complements
in lens spaces.
3.2. Seifert ﬁbered knots which yield a lens space
We assume that K is a Seifert ﬁbered knot in M . This section is divided into three parts.
In the ﬁrst part, we set the common notations to the following of the paper. In particular, we ﬁx the deﬁnition of the
preferred longitude of K , see (V); brieﬂy it is a longitude which is homologous to a multiple of the preferred longitude of a1
(the working axis) in V1K .
In the second part, we show (following Moser [15]) that a Dehn surgery on K produces either a reducible manifold, or
a Seifert ﬁbered manifold over a 2-sphere with three exceptional ﬁbers, or a lens space.
The last part is devoted to the proof of the main result of this section, which is the following lemma.
Lemma 3.6. Let p,q be positive and coprime integers. Assume that M is the lens space L(p,q), and K is a Seifert ﬁbered knot in M
such that (M, K ) is not a trivial pair. Let a/b be a deﬁned slope according to the preferred framing for K .
Then MK (a/b) ∼= L(X, Y ) if and only if the four following properties all are satisﬁed.
(i) The knot K is an (m,n)-cable of a working axis in M;
(ii) a = bmn+ ε, where ε = ±1;
(iii) X = −(1+ εbmn)p + εbm2q; and
(iv) Y = −(1+ εbmn)u + εbm2v,
where u and v are positive integers such that 1 u < p and 1 v  q and pv − qu = 1.
Furthermore, MK (a/b) ∼= −L(X, Y ).
Remarks 3.7. Let b ∈ E+e and (m,n) ∈ PC .
Let p = bm2/2 and q = bmn/2− 1.
Let u = bmn/2+ 1 and v = bn2/2.
Let (a1,a2) be a pair of non-isotopic axes in L(p,q).
If a,b are two integers, we denote by a ∧ b their greatest common divisor.
Then, the following properties are satisﬁed.
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(2) u and v are integers, such that 1 u < p and 1 v  q.
(3) p ∧ q = u ∧ v = 1, with pv − qu = 1.
(4) m = pn− qm 2 and n = nu −mv .
(5) If (m,n) = (2,1) then p > 2q.
(6) a1 and a2 cannot be both working axes (up to orientation).
(7) An (m,n)-cable of a1 is also an (m,n)-cable of a2, up to orientation.
Proof. (1)–(4) are trivial.
(5) If (m,n) = (2,1) then m > 2n, so p > 2bmn/2 so p  bmn+ 1 2q− 1. If p = 2q− 1 then ε = −1 and q = bmn/2+ 1.
Furthermore, p = bm2/2= 2(bmn/2+ 1) − 1 so bm2 = 2bmn+ 2 and bm(m− 2n) = 2. Note that m > 2n implies that m 3,
thus this is impossible and so p  2q. Finally, m 3 implies also that q > 1 then p ∧ q = 1 implies that p > 2q.
(6) The axes a1 and a2 are both working axes (up to orientation) if and only if q2 = −1 mod p. We proceed by absurd.
If they are both working axes, then there exists an integer k such that 1− bmn+ kp = −1. Thus, bm(km− 2n) = −4. Hence,
b =m = 2 and 2(k − n) = −1, a contradiction.
(7) If we choose, λ2 = −uλ1 − vμ1. Then mλ1 + nμ1 =m(−vμ2 + qλ2) + n(−uμ2 − pλ2) = (mq − pn)λ2 + (mvnu)μ2 =
−mλ2 − nμ2. 
3.2.1. Notations
Let p,q be positive and coprime integers such that 1  q < p. Then there exists a pair of positive integers (u, v) such
that
(I)
⎧⎨
⎩
(I.1) pv − qu = 1,
(I.2) u < p and v  q,
(I.3) v < q if q = 1.
Assume that M is the lens space L(p,q). Note (see [4,16]) that L(p,q) ∼= L(p′,q′) if and only if p = ±p′ and
(II)
⎧⎨
⎩
(II.1) qq′ = ±1 mod p,
or
(II.2) q′ = ±q mod p.
Let (a1,a2) be a pair of non-isotopic axes of M such that M = V1 ∪ V2, where V1 and V2 are solid tori, for which a1 and
a2 are the respective cores.
We often made the confusion between a simple closed curve γ in a 2-torus T say, and its ﬁrst homology class [γ ] in
H1(T ,Z). Let i ∈ {1,2}.
A meridian curve of ai is an essential simple closed curve on ∂Vi , which bounds a (meridian) disk in Vi . We denote by
μi such a curve.
A longitude of ai is an essential simple closed curve on ∂Vi , which intersects μi exactly once. Let γ be an essential
simple closed curve on ∂Vi . If λ is a longitude of ai , then γ is a longitude of ai if and only if γ = λ + nμi , where
n ∈ Z.
Let i ∈ {1,2}. A non-trivial knot K in M is said to be a cable of the axis ai , if K lies on ∂Vi . We say that the cable knot
K is a non-trivial cable of ai , if K is not isotopic to ai in Vi . Furthermore, for (m,n) coprime integers, we say that K is a
(m,n)-cable of ai , if K runs m times in a longitudinal direction of ai and n times in a meridian direction of ai . Note that if
K is a cable of a1 then it is also a cable of a2, and vice versa. We say that K is a non-trivial cable of an axis, if K is neither
isotopic to a1 nor a2. We note that the integer n depends to the choice of the longitude of the axis. Now, we ﬁx a working
axis and a prefered longitude of this axis.
One of the axes is a working axis. Without loose in generality, we may assume that a1 is a working axis of M . We ﬁx
this convention for the following. Then, there exists a longitude λ1 of a1 such that μ2 = pλ1 +qμ1; we called this longitude
the prefered longitude of a1. Now let λ2 be the longitude of a2 such that λ2 = −uλ1 − vμ1.
We follow the usual sign convention, see [16, Section 5.D]; we orient μ1, λ1 such that μ1.λ1 = +1, where α.β is
the algebraic intersection number between the slopes α and β (the geometric intersection number equiped with the sign
convention). Therefore, μ2.λ2 = +1. We summarize as follows
(III)
⎧⎨
⎩
(III.1) μ1.λ1 = μ2.λ2 = +1,
(III.2) λ2 = −uλ1 − vμ1 and μ2 = pλ1 + qμ1,
(III.3) λ1 = qλ2 + vμ2 and μ1 = −pλ2 − uμ2.
Note that if (M, K ) is not a trivial pair and MK is a Seifert ﬁbered manifold, then K is a non-trivial cable of both axes.
Lemma 3.8. Let M be a lens space and K be a Seifert ﬁbered knot such that (M, K ) is not a trivial cosmetic pair. Then K is a non-trivial
cable of both axes.
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First, we see that the meridian slope μK of K on ∂MK cannot be a ﬁber. If μK is a ﬁber, then π1(M) = π1(MK (μK )) =
π1(MK )/〈μK 〉 = π1(OMK ) where OMK is the base orbifold of MK . Since OMK is a once-punctured surface, π1(OMK ) is
either trivial, or Z or a free product. But π1(M) = Z/pZ, where p is a positive integer. Thus the meridian slope μK of K on
∂MK is not a ﬁber.
Hence, we can extend the Seifert ﬁbration of MK to M . Now, M is Seifert ﬁbered with one exceptional ﬁber over the
projective plane or M is Seifert ﬁbered with two exceptional ﬁbers over the 2-sphere.
Since (M, K ) is a cosmetic pair, considering Seifert invariant and Rong’s results [16], M cannot be Seifert ﬁbered with
one exceptional ﬁber over the projective plane; indeed, in this case there is no cosmetic slope on ∂MK .
Therefore, we may assume that M is Seifert ﬁbered with two exceptional ﬁbers over the 2-sphere. So K is either a
singular ﬁber or a regular ﬁber; therefore it is respectively either an axis or a cable of an axis. In the latter case, it is a cable
of both axes. Since we assume that the pair (M, K ) is not a trivial pair, then K is isotopic to none of the axes; so it is a
non-trivial cable of both axes. 
From now, we assume that K is a non-trivial cable of an axis of M . Therefore, K is a non-trivial (m,n)-cable of a1, with
the ﬁxed choice of (μ1, λ1) above; i.e. K is an essential simple closed curve on ∂N (a1) = ∂V1 such that [K ] =m[λ1]+n[μ1]
in H1(∂N (a1),Z).
Since K is a non-trivial cable of a1, by ﬁxing an orientation on K , we may assume that m  2 and n = 0. Since K
intersects μ2 in exactly |mq− pn| points, and λ2 in exactly |mv −nu| points, similarly we have that |mq− pn| 2 and that
mv − nu = 0, which is summarized below.
(IV)
{
(IV.1) m 2 and n = 0,
(IV.2) |mq − pn| 2 and mv − nu = 0.
We denote by μK the meridian slope on ∂N (K ) (i.e. μK bounds a meridian disk in N (K )). Since K lies on ∂V1, the
intersection ∂V1 ∩ ∂N (K ) is the union of two simple closed curves, which represent the same longitude slope λ say
(#|μK ∩ λ| = 1). Note that we equip μK with the usual positive orientation (see [16, Section 5D]), such that K .μK =
λ.μK = +1.
Let Nthin(a2) be a thin regular neighborhood of a2 such that Nthin(a2) ∩ N (K ) = ∅. Then
H1
(
M − Int(Nthin(a2) ∪ N (K )),Z)= Z[λ1] ⊕ Z[μK ].
Note that λ′ is a longitude of K if and only if λ′ = λ + tμK , where t ∈ Z.
3.2.2. Preferred longitude
We denote by λK the longitudinal slope of K such that
[λK ] does not depend of [μK ] in H1
(
M − Int(Nthin(a2) ∪ N (K )),Z)
i.e. there exists an integer x such that
[λK ] = x[λ1] in H1
(
M − Int(Nthin(a2) ∪ N (K )),Z).
This longitude λK is called the preferred longitude of K .
In H1(M − Int(Nthin(a2) ∪ N (K )),Z), μ1 =mμK and so λ ∼mλ1 + nμ1.
Thus λ ∼mλ1 +mnμK . Therefore, in all the following: λK = λ −mnμK .
Note that [λK ] =m[λ1] in H1(M − Int(Nthin(a2) ∪ N (K )),Z).
To summarize above, we choose (μK , λK ) for a basis of H1(∂N (K ),Z), such that
(V)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(V.1) H1
(
M − Int(Nthin(a2) ∪ N (K )),Z)= Z[λ1] ⊕ Z[μK ],
(V.2) λ.μK = +1,
(V.3) λ ∼mλ1 +mnμK ,
(V.4) λK = λ −mnμK .
3.2.3. Dehn surgery producing a lens space
In the following, a/b = 1/0 denotes a rational slope, with the above choice; i.e. a/b = aμK + bλK .
From now, we denote the positive integers σi (for i ∈ {1,2,3}) by⎧⎨
⎩
σ1 =m 2,
σ2 = |mq − pn| 2,
σ3 = |a− bmn|.
Lemma 3.9. Let K be an (m,n)-cable of a1 . Then, MK is a Seifert ﬁbered manifold over a disk, with two exceptional ﬁbers a1 and a2 of
multiplicity σ1 =m 2 and σ2 = |mq − pn| 2, respectively.
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Following Moser [15] we can classify the manifolds obtained by Dehn surgeries on cables of the axes in lens spaces.
Lemma 3.10 (Moser). Let K be an (m,n)-cable of a1 .
(i) If σ3 = 0 then b = 1 and MK (a/b) ∼= MK (mn/1) is the reducible manifold L(m,n) # L(|mq − pn|, |mv − nu|).
(ii) If σ3  2 then MK (a/b) is a Seifert ﬁbered manifold over a 2-sphere with three exceptional ﬁbers of multiplicities σ1, σ2 and σ3 .
(iii) If σ3 = 1 then MK (a/b) is a lens space.
Proof. Let A be the annulus in ∂V1 − IntN (K ), which is also ∂V2 − IntN (K ). Note that λ represents the boundary compo-
nents of ∂ A, and that λ ∼ K , is a regular ﬁber, denoted by F .
(i) follows [15, Proposition 4]. If σ3 = 0 then a = bmn and so b = 1 since a and b are coprime integers. Then a/b =
bmnμK + bλK = bλ = λ.
Let Ai be the annulus in ∂N (K ) which is properly embedded in Vi (for i = 1 and 2): Ai = ∂N (K ) ∩ Vi . Then A ∪ Ai
bounds a solid torus Wi say, which is a tubular neighborhood of ai .
A Dehn surgery on K along the slope λ consists to glue a meridian disks along the slopes λ in the annuli A1 and A2.
The Dehn ﬁlling along the annulus A1 produces a punctured lens space L(m,n).
Indeed, L(m,n) = W1⋃A1∪A D2 × S1 where the disks D2 × ∗ are attached along the slope λ; and the λ-Dehn ﬁlling
along the annulus A1 is W1
⋃
A1
D2 × I, where I = [0,1]; so W1⋃A1 D2 × I = L(m,n)− (D2 × I) where the disks D2 ×∗ are
attached along the slope λ on the annulus A.
Similarly, the Dehn ﬁlling along the annulus A2 produces a punctured lens space L(|mq − pn|, |mv − nu|), and the
boundary 2-sphere is the union of A and two disks attached on the boundary components of A. Therefore, the resulting
manifold is L(m,n) # L(|mq − pn|, |mv − nu|). By (IV) neither L(m,n) nor L(|mq − pn|, |mv − nu|) is S3 so the resulting
manifold is reducible.
(ii) and (iii) follow [15, Propositions 3.1 and 3.2]. By Lemma 3.9 MK is Seifert ﬁbered over a disk, with two exceptional
ﬁbers of multiplicities σ1 and σ2. Since the Dehn ﬁlling is not along the ﬁber K ∼ λ, we can extend the Seifert ﬁbration
to MK (a/b) and the core of the surgery Ka/b is an exceptional ﬁber of multiplicity σ3 (which is the absolute value of the
number of intersection points between the meridian curve of Ka/b and a regular ﬁber F ∼ λ on ∂N (K )). Therefore Ka/b is
an exceptional ﬁber if σ3 > 1 and a regular ﬁber if σ3 = 1. 
Proof of Lemma 3.6. Let p,q be positive and coprime integers, and M = L(p,q). We keep the above notations. Let K be a
Seifert ﬁbered knot in M , such that (M, K ) is not a trivial pair and K admits a non-trivial surgery which yield a lens space.
By Lemma 3.8, K is a non-trivial cable of both axes in M . Assume now that K is an (m,n)-cable of a working axis in M .
We want to prove that MK (a/b) ∼= L(X, Y ) if and only if⎧⎨
⎩
a = bmn+ ε, where ε = ±1,
X = −(1+ εbmn)p + εbm2q, and
Y = −(1+ εbmn)u + εbm2v.
By Lemma 3.10, MK (a/b) is a lens space if and only if a = bmn − ε, where ε = ±1. Now, we have to deﬁne the integers
X and Y such that MK (a/b) ∼= L(X, Y ).
Let mK be the meridian slope of the attached solid torus, i.e. mK bounds a meridian disk of the core of the surgery Ka/b .
With the above conventions, mK = a/b = aμK + bλK , and mK .μK = b.
Now, let ε = a − bmn. Then mK = aμK + bλK = (a − bmn)μK + bλ, where λ ∼ F the ﬁber; so mK = b.F + ε.μK and
(mK , λ) represents a pair of (meridian, longitude) of the attached solid torus, with mK .λ = ε. We summarize these facts
below
(VI)
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(VI.1) ε = a− bmn ∈ {−1,+1},
(VI.2) mK = aμK + bλK ,
(VI.3) mK = b.F + ε.μK ,
(VI.4) mK .λ = ε.
First, we push slightly K inside V1, such that ∂N (K )∩ ∂V1 is a simple closed curve γ which represents λ ∼ F the ﬁber.
Let V ′1 = V1− IntN (K ) the solid torus (isotopic to V1) with N (K ) removed. The core of V ′1 is still a1. We denote by (μ′1, λ′1)
a pair of (meridian, longitude) of V ′1. We equip the pair with the same orientation as (μ1, λ1). Therefore, λ1 = λ′1 − n.μK
and μ1 = μ′1 +m.μK , see Fig. 2. Furthermore, λ ∼ F ∼mλ′1 + nμ′1.
Now, let W1 = V1K (a/b) the solid torus obtained by the a/b-Dehn ﬁlling on K in V1; Seifert ﬁbered manifold over a
disk with a single exceptional slope of multiplicity m. Let μW1 be its inherit meridian slope. Recall that the simple closed
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curve γ = ∂N (K )∩ ∂V1 represents λ ∼ F the ﬁber. Moreover (λ,mK ) is a basis of H1(∂N (K ),Z) such that λ.mK = ε. Then
μW1 = μ′1 + εmmK .
Note that MK (a/b) is the union of the two solid tori V2 and W1. So, it remains to determine the integers X and Y such
that μW1 = Xλ2 + Yμ2. Then MK (a/b) ∼= −L(X, Y ) because we switch the sides of ∂V2.
μW1 = μ′1 + εmmK
= μ′1 + εm(b.F + ε.μK ) from (VI)
= μ′1 + εmb.F +mμK
= μ′1 + εmb
(
mλ′1 + nμ′1
) +mμK
= (1+ εbmn)μ′1 + εbm2λ′1 +mμK
= (1+ εbmn)(μ1 −mμK ) + εbm2(λ1 + nμK ) +mμK
= (1+ εbmn)μ1 + εbm2λ1
= (1+ εbmn)(−pλ2 − uμ2) + εbm2(qλ2 + vμ2) from (II).
Therefore μW1 = Xλ2 + Yμ2, where⎧⎪⎨
⎪⎩
X = −(1+ εbmn)p + εbm2q,
and
Y = −(1+ εbmn)u + εbm2v.
This completes the proof of Lemma 3.6. 
For convenience, in all the following, X and Y denote the above integers, i.e.:⎧⎪⎨
⎪⎩
X = −(1+ εbmn)p + εbm2q,
and
Y = −(1+ εbmn)u + εbm2v.
3.3. Resulting lens space with the same order
This subsection consists to give some results on Seifert ﬁbered knots in L(p,q), which yield a lens space of the same
order, by an a/b-Dehn surgery. We keep the above notations.
Lemma 3.11. Let M = L(p,q), where 1 q < p, and K a Seifert ﬁbered knot in M, such that (M, K ) is not a trivial pair. There exist
integers a,b,q′ such that MK (a/b) ∼= L(p,q′) if and only if⎧⎨
⎩
(1) ε = a− bmn ∈ {−1,+1},
and
(2) 2p = εbm(mq − pn).
Furthermore, the following properties all are satisﬁed.
(3) 1 n.
(4) a and b are both positive integers.
(5) ε = Sign(mq − pn).
(6) m = 0 mod p.
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The ﬁrst part is an immediate consequence of Lemma 3.6. Indeed p = ±X if and only if −(1 + εbmn)p + εbm2q = ±p.
If −p = (−1− εbmn)p + εbm2q then εbmnp = εbm2q which gives np =mq since m and b are = 0; therefore pn −mq = 0,
which is a contradiction.
Therefore, p = ±X if and only if p = X : p = (−1− εbmn)p + εbm2q, which is equivalent to 2p = εbm(mq − pn).
(3) We can see easily that if n < 0, then (2) is not satisﬁed, because q  1 and m > 2. Indeed mq − pn =mq + |n|p and
so |εbm(mq − pn)| >mp|n| > 2p.
(4) Note that a = bmn + ε > 0 if and only if b > 0. Since, a/b is an unoriented isotopy class, we may assume that a and
b are both positive integers.
(5) This follows from (2) and (4).
(6) Suppose that there exists k ∈ Z such that m = kp. We may assume that k  1 (since p and m > 0). By (2)
2 = εbkp(kq − n) so p = 2 = m, and k = q = 1. Moreover, kq − n = q − n = 1 − n = ±1. Since n = 0 then n = 2 = m a
contradiction. 
Remark 3.12. Note that if MK (a/b) ∼= −L(X, Y ) ∼= L(p,q′) then X = p.
Remark 3.13. We keep the above notations. Note that if p  4 then any lens space of order p is homeomorphic to M; then
it is equivalent to say that MK (a/b) ∼= M or that MK (a/b) is the same order than M .
Bellow, follow a few consequences of Lemma 3.11:
First, p is not a prime integer; so p  4.
Then, we give the single case when p = 4 which satisﬁes both Theorem 3.2 and Lemma 3.11.
Therefore, we will may assume that p  6.
Corollary 3.14. Let M be the lens space L(p,q), where 1 q < p, and K a Seifert ﬁbered knot in M, such that (M, K ) is not a trivial
pair. If there exist integers, a,b,q′ such that MK (a/b) ∼= L(p,q′), then p is not a prime integer.
Proof. Note that if p = 2 then q = 1. By Lemma 3.11(2) gives: εbm(m − 2n) = 4. Then m = 2 or 4. If m = 2 we obtain that
n = 0: a contradiction. If m = 4 we obtain that 2εb(n − 2) = 1: a contradiction.
So we may assume that p  3. Let t =mq − pn, recall that |t| 2 because K is isotopic to none of the axes of M . If we
assume that p is a prime integer then, by Lemma 3.11(2) either m = 2 or m = p.
If m = 2 then p = εbt so |t| = p and further 2q =mq = p(n∓ 1); which is impossible since p and q are coprime integers
and p  3.
If m = p then |t| = 2 so p(q − n) = ±2 a contradiction to p  3. 
Lemma 3.15. Assume that M is L(4,1). Let K be a non-trivial (m,n)-cable of the working axis. Then MK (a/b) ∼= L(4,1) if and only if
m = 2, n = 1 and a/b = 3/2.
Note that either a = 3, b = 2 and ε = −1, or a = −3, b = −2 and ε = +1.
Proof. First, since m 2 and |mq − pn| 2 then K is isotopic to none of the axes. Now, we prove that m = 2, n = 1, b = 2
and a = 3 satisfy Lemma 3.11(1) and (2). Indeed:
(1) ε = a − bmn = −1.
(2) 2p = 8 and εbm(mq − pn) = 8.
Similarly, if a = −3, b = −2 and ε = +1.
Inversely, if MK (a/b) is a lens space of order 4, then by Lemma 3.11(2) we get that 8 = εbm(m − 4n). Then m = 2 or 4
or 8. If m = 4m′ (with m′ = 1 or 2) then 8= 16εbm′(m′ − n), a contradiction.
Therefore, m = 2 and 2 = εb(1 − 2n), with n = 0. Then n = 1 and so 2 = −εb. Since b > 0, b = 2 and ε = −1 then
a = −1+ bmn = 3.
Note that if b < 0 then b = −2, ε = 1 and a = −3. 
We may note that MK (3/2) = L(4,1), see also Remark 3.12. This case is illustrated in Fig. 1.
Corollary 3.16. Let M be the lens space L(4,1) and K a Seifert ﬁbered knot such that (M, K ) is not a trivial pair. Then (M, K ) is a
cosmetic pair if and only if K is a (2,1)-cable of an axis.
Proof. We have to note that a (2,1)-cable of an axis of L(4,1) is also a (2,1)-cable of the other axis, with the reversed
orientation; see Section 3.5. 
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Lemma 3.17. Let M be the lens space L(p,q), where 1 q < p, and K a Seifert ﬁbered knot in M, such that (M, K ) is not a trivial pair.
With the above notations, if M  L(9,4) and if there exist integers, a,b,q′ such that MK (a/b) ∼= L(p,q′) then either (m,n) = (2,1)
or m > 2n.
Proof. By Lemma 3.11(2) we get: εbm2q = (εbmn + 2)p so bm2q = (bmn+ 2ε)p. Since m 2 then bmn+ 2ε  0. Moreover
p  6 and p ∧ q = 1 so p > 2q. Then bm2 > 2(bmn+ 2ε). Hence bm(m− 2n) > 4ε.
Assume now that m < 2n and (m,n) = (2,1) (then n 2). We prove that p = 9 and q = 4.
Indeed, we have |bm(m−2n)| = bm(2n−m) 3. So m = 2 or 3. If m = 2 then |bm(m−2n)| = 4b(n−1) 3 is impossible.
Therefore m = 3. In this case, 3b(2n− 3) 3 then b = 1 and 2n− 3= 1 so n = 2. Now, Lemma 3.11(2) gives 4p = 9q and so
p = 9 and q = 4 (since p ∧ q = 1). 
3.4. L(X, Y ) = L(p,−u)
To prove Theorem 3.2, we deﬁne two inﬁnite families, denoted by F− and F+ , which actually both represent the
family FSft; see Section 3.5. We keep the above notations.
Deﬁnitions ofF− andF+. Let E+e denote the set of positive and even integers.
Let PC denote the set of ordered pairs (m,n) where m and n are positive and coprime integers such that 2nm. Note
that m = 2n if and only if m = 2 and n = 1.⎧⎪⎨
⎪⎩
F− = {(L(bm2/2,bmn/2− 1), Km,n), b ∈ E+e , (m,n) ∈ PC},
and
F+ = {(L(bm2/2,bmn/2+ 1), Km,n), b ∈ E+e , (m,n) ∈ PC}
where Km,n is an (m,n) cable of the working axis in the corresponding lens space L(bm2/2,bmn/2± 1). Note that there is
a single working axis, up to isotopy, see Remark 3.7(7).
The end of this section is devoted to the following proposition.
Proposition 3.18. Let K be a Seifert ﬁbered knot in a lens space M, such that (M, K ) is not a trivial pair. Then MK (a/b) ∼= M if and
only if (M, K ) is a pair in F− ∪ F+ , such that:
(i) a− bmn = ε ∈ {−1,+1}, and
(ii) K is an (m,n) cable of the working axis in L(bm2/2,bmn/2+ ε).
Proof. First, we check that the pairs in F− ∪ F+ all satisfy that MK (r) ∼= M , where r = a/b.
Lemma 3.19. Let b ∈ E+e , (m,n) ∈ PC , and (M, K ) be a non-trivial pair in F− ∪ F+ , such that K is an (m,n) cable of the working
axis in L(bm2/2,bmn/2+ ε), where ε ∈ {−1,+1}.
If a − bmn = ε, then MK (a/b) ∼= −L(p,−u), where u = bmn/2 − ε. Note that pv − qu = 1, where v = bn2/2. Then
MK (a/b) ∼= −M.
Proof. Let b ∈ E+e , (m,n) ∈ PC . Let p = bm2/2 and q = bmn/2+ ε. Let M be the lens space L(p,q) and K an (m,n) cable of
the working axis in M . such that (M, K ) is a non-trivial pair in F− ∪ F+ . Now, let a = bmn+ ε.
By Lemma 3.6 and (II), it is suﬃcient to prove that X = p and that Y = q.
First,
X = −(1+ εbmn)p + εbm2q
= −(1+ εbmn)(bm2/2)+ εbm2(bmn/2+ ε)
= −bm2/2+ ε2bm2
= bm2/2
= p.
Now, Y = −(1+ εbmn)u + εbm2v . We show that Y = −u.
Let u = bmn/2− ε and v = bn2/2. Then u and v satisfy (I). Indeed,
pv − qu = b2m2n2/4− (b2m2n2/4− ε2)= b2m2n2/4− b2m2n2/4+ ε2 = ε2 = 1.
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Now, Y = −(1+ εbmn)u + εbm2v = −(1+ εbmn)(bmn/2− ε) + εb2m2n2/2 so Y = −bmn/2+ ε = −u. 
Remark 3.20. We may note that if (M, K ) ∈ F+ ∪ F− then K is an (m,n)-cable of both axes, up to orientation.
Proof. Let q = bmn/2 + ε, p = bm2/2. Then u = bmn/2 − ε and v = bn2/2. Let K = mλ1 + nμ1. Therefore, by (III) K =
m(qλ2 + vμ2) + n(−pλ2 − uμ2) = (mq − pn)λ2 + (mv − nu)μ2 = ε(mλ2 + nμ2). 
Remark 3.21. Let (M, K ) ∈ F+ ∪F− such that K is an (m,n)-cable of both axes, up to orientation. The rational slope r = a/b
such that MK (r) = M is deﬁned in Proposition 3.18 for a preferred longitude of K , considering K as a cable of the working
axis a1. Then, if we consider K as the cable of a2, we have to consider M as L(−p,−u) (see (III)). Now, considering a2 as
the working axis, the slope has another parametrization.
As an example, let M be the lens space L(4,1) and K the (1,2)-cable of a1. Then MK (3/2) ∼= M . If we consider a2 as
the working axis, then M ∼= L(−4,−3), and the new parametrization of r gives r = 5/2: L(−4,−3)K (5/2) ∼= L(−4,−3).
Before proving the inverse in Proposition 3.18, we improve Lemma 3.17 for a cosmetic pair.
Lemma 3.22. Let M be the lens space L(p,q), where 1  q < p, and K a Seifert ﬁbered knot in M, such that (M, K ) is not a trivial
pair. With the above notations, if there exist integers a and b such that MK (a/b) ∼= M then either (m,n) = (2,1) or m > 2n.
Proof. By Lemma 3.17 and its proof, it remains to consider the case where p = 9,q = 4,b = 1,m = 3,n = 2 and ε = −1.
Thus u = 2, v = 1 and Y = −(1+ εbmn)u + εbm2v = −2(1− 6) − 9= 1. Then qY = 4 = ±1 mod p and Y = 1 = ±4 mod p;
therefore neither (II.1) nor (II.2) is satisﬁed. 
To prove Proposition 3.18 it remains to see that if MK (a/b) ∼= M then (M, K ) ∈ F−∪F+ and satisﬁes both (i) and (ii). We
assume that (M, K ) is not a trivial pair and that MK (a/b) ∼= M , with the above notations. By Lemma 3.15 and Corollary 3.14,
we may suppose that p  6.
Now, we want to prove that if Lemma 3.11 and (II) are satisﬁed then (M, K ) ∈ F− ∪ F+ and satisﬁes both (i) and (ii)
described in Proposition 3.18.
We consider ﬁrst (II.1) then (II.2), and decompose each in subcases. Actually, for a lot of subcases there is no pair (M, K )
which satisﬁes neither (II.1) nor (II.2). Note that the case (II.1) is satisﬁed only if K is a (2,1)-cable of a1, see Lemma 3.23
below.
3.4.1. (2,1)-Cable of the working axis
This section is devoted to deal the case where (II.1) is satisﬁed. Note that if (M, K ) ∈ F− ∪ F+ , such that (m,n) = (2,1),
i.e. K is a (2,1)-cable of the working axis, then (II.1) and (II.2) are both satisﬁed. Indeed, q = b + ε and p = 2b. Since b is
an even integer, (II.1) and (II.2) are both satisﬁed.
We assume that (II.1) is satisﬁed and prove that (m,n) = (2,1); therefore (II.2) is also satisﬁed and qY = 1 mod p.
Lemma 3.23. Assume that MK (a/b) is the lens space −L(p, Y ), with the above notations. Then qY = ±1 mod p if and only if (M, K )
is a non-trivial pair in F− ∪ F+ such that the following properties all are satisﬁed.
(i) K is a (2,1)-cable of the working axis of M.
(ii) ε = a − bmn = a − 2b.
(iii) Y = q and qY = 1 mod p.
Proof. By Lemma 3.19, it is suﬃcient to prove that if qY = ±1 mod p then (M, K ) is a non-trivial pair in F− ∪ F+ such
that:
(i) K is a (2,1)-cable of the working axis of M , and
(ii) ε = a− bmn = a − 2b, and
(iii) Y = q and qY = 1 mod p.
By (II.1) q(−(1+εbmn)u+εbm2v) = ±1 mod p. Moreover, by Lemma 3.11(2), qεbm2 = 0 mod p. Then q(−(1+εbmn)u+
εbm2v) = ±1 mod p ⇒ q(−1− εbmn)u = ±1 mod p. Since pv − qu = 1, then (1+ εbmn)(1− pv) = ±1 mod p hence
εbmn+ 1= ±1 mod p.
Then either εbmn = 0 mod p or εbmn = −2 mod p.
Claim 3.24. εbmn = −2 mod p; in particular qY = −1 mod p.
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⇒ kp2 = εbm2q.
Since p ∧ q = 1, there exists x ∈ Z such that εbm2 = p2x and k = qx.
If bm = 0 mod p then εbmn = −2+ kp ⇒ −2 = 0 mod p, a contradiction; then bm = 0 mod p. Since p divides bm2 but
no bm then m∧ p = 1.
Therefore, there exists an integer d  2 such that m = dm′ and p = dp′ , where m′,d′ are positive and coprime integers.
Note that p′  2 by Lemma 3.11(6).
But now εbm2 = p2x ⇒ εbm′2 = p′2x and b = 0 mod p′ . Thus bm = 0 mod p′d, but p′d = p: a contradiction. 
So, we may assume that there exists k ∈ Z such that εbmn = kp.
Then Lemma 3.11(2) ⇒ (kp + 2)p = εbm2q. Since p ∧ q = 1, there exists x ∈ Z such that
εbm2 = px and kp + 2= qx.
Moreover, (kp + 2)p = εbm2q = kpn mq so n(kp + 2) = kmq. Therefore
k(mq − pn) = 2n.
Claim 3.25.m∧ p = 1.
Proof. We made the proof by absurd. So, we suppose that m ∧ p = 1. Since (kp + 2)p = εbm2q, then b = b′p where b′ is a
positive integer. Therefore, εbmn = kp ⇒ k = εb′mn. Thus k(mq − pn) = 2n ⇒ εb′m(mq − pn) = 2, which is a contradiction
to (IV). 
So, we may assume that there exists an integer d  2 such that m = dm′ and p = dp′ , where m′, p′ are positive and
coprime integers, and p′  2 by Lemma 3.11(6).
Then εbmn = kp ⇒ εbm′n = kp′ , and εbm2 = px ⇒ εbdm′2 = p′x.
Since p′ ∧m′ = 1 there exists a positive integer y such that
εbd = p′ y and x=m′2 y.
Furthermore kp+2= qx⇒ kp = qym′2 −2. Hence kp = kp′d = (kp′)d = εbm′nd = qym′2 −2. Thus m′(εbnd−qym′) = −2,
so m′((εbd)n − qym′) =m′(p′ yn− qym′). Then
ym′
(
qm′ − p′n)= 2.
Therefore, m′ ∈ {1,2} and y ∈ {−2,−1,1,2}.
Claim 3.26.m′ = 2.
Proof. We made the proof by absurd. So, we suppose that m′ = 2, then y = qm′ − p′n = 2q − p′n = ±1.
Then εbd = p′ y ⇒ p′ = εbdy, and εbm′n = kp′ ⇒ 2εbn = kεbdy so 2n = kdy (with y = ±1). Now, we note that m = 2d
(with d  2) and m ∧ n = 1, so d ∧ n = 1. Then 2n = kdy ⇒ d = 2. But p′ = εbdy = 2εby so p′ ∧ m′ = 1, which is a
contradiction. 
Then, we may assume that m′ = 1 and so m = d.
Claim 3.27. y′ = ±1.
Proof. We made the proof by absurd. So, we suppose that y′ = ±1, then again p′ = εbdy = εbmy. Since εbm′n = kp′ ,
εbn = kp′ = kεbmy and so n =mky, which is impossible since m∧ n = 1 and m 2. 
So, we may assume that y = 2εy where εy = ±1 and qm′ − p′n = εy .
Then, εbd = p′ y ⇒ εbm = 2εy p′ and so εbmn = kp ⇒ (2εy p′)n = k(p′m). Therefore
2εyn = km.
Since m∧ n = 1 and m 2, then m = 2 and k = εyn; but by Lemma 3.22, m = 2⇒ n = 1. Then (m,n) = (2,1) and k = εy .
Moreover, kp = qx − 2 and x = m′2 y = 2εy . Then kp = εy p = 2εyq − 2, so p = 2q − 2εy . Then either p = 2q + 2 and
εy = −1, or p = 2q − 2 and εy = 1.
Claim 3.28. If p = 2q + 2 and εy = −1 then (M, K ) ∈ F− and satisﬁes the conclusion of Proposition 3.18.
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ε = −1; therefore a = ε + bmn ⇒ a = 2q + 1.
To summarize K is a (2,1)-cable of the working axis of M . Moreover⎧⎨
⎩
ε = a − bmn = −1,
q = bmn/2− 1= b − 1,
p = bm2/2= 2q + 2.

Claim 3.29. If p = 2q − 2 and εy = 1 then (M, K ) ∈ F+ and satisﬁes the conclusion of Proposition 3.18.
Proof. Then, k = 1 and so εbmn = kp ⇒ εb = q−1. By Lemma 3.11(4), we may assume that b > 0, then b = q−1 and ε = 1;
therefore a = ε + bmn ⇒ a = 2q − 1.
To summarize K is a (2,1)-cable of the working axis of M . Moreover⎧⎨
⎩
ε = a − bmn = 1,
q = bmn/2+ 1= b + 1,
p = bm2/2= 2q − 2.

This completes the proof of Lemma 3.23. 
3.4.2. Y = −u
This subsection concludes the proof of Proposition 3.18. It remains to prove that if (II.2) is satisﬁed then (M, K ) ∈
F− ∪ F+ and satisﬁes the conclusion of Proposition 3.18.
We assume that (II.2) is satisﬁed: −(1+εbmn)u+εbm2v = ±q mod p. Note that if q = 1 then (II.2) ⇔ (II.1), so we may
assume that q 2.
By Lemma 3.11(2): εbm2q = (εbmn+ 2)p. Since p ∧ q = 1, there exists x ∈ Z such that{
(A) εbm2 = px,
(B) εbmn+ 2= qx.
Now, we can give an idea of the schedule of the proof. First, we prove that p ∧m = d  2. Then, we show that d =m,
i.e. p = mp′ where p′ is a positive integer. Finally, we prove that x = 2ε. Then the conclusion of Proposition 3.18 is a
consequence of (A) and (B) above.
Note that pv − qu = 1 ⇒ x = x(pv − qu) = (px)v − (qx)u. So (A) and (B) ⇒ x = εbm2v − (εbmn + 2)u =
−u + (−(1+ εbmn)u + εbm2v) = −u + Y . Since Y = ±q mod p, there exists k ∈ Z such that
(C) x= −u ± q + kp.
Moreover, by Lemma 3.11(2) and (A) we get: 2px = 2εbm2 = εbmx(mq − pn), so
(D) 2m = x(mq − pn).
Recall that m 2 and p  6.
Claim 3.30. p ∧m = 1.
Proof. We made the proof by absurd. We suppose p ∧m = 1 then (A) implies that there exists y ∈ Z such that x =m2 y.
Then (D) ⇒ 2= ym(qm− pn). Therefore m = 2 and qm− pn = ±1 in contradiction to (IV). 
Therefore, we may assume that p ∧m = d  2. Let m′ and p′ be positive and coprime integers such that m = dm′ and
p = dp′ . Note that p′  2 by Lemma 3.11(6).
Claim 3.31.m′ = 1.
Proof. We made the proof by absurd, so we suppose that m′  2. Recall that p = dp′,m = dm′ and d, p′,m′ all are  2
where p′ ∧m′ = 1.
First, (D) ⇒ 2m′ = x(qm′ − p′n) so (xq − 2)m′ = xnp′ . But p′ ∧m′ = n∧m = 1 then there exists y ∈ Z such that
x= ym′.
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y = zm′.
Then (D) ⇒ 2= y(qm′ − p′n) = zm′(qm′ − p′n).
But m′  2 then m′ = 2 and z = qm′ − p′n ∈ {−1,1}.
On the other hand, yp′ = εbdm′ ⇒ zp′ = εbd, then z = ε and p′ = bd. Therefore⎧⎪⎪⎪⎨
⎪⎪⎪⎩
p = bd2,
m = 2d,
x= 4ε, and
ε = 2q − p′n.
The last point implies that p′ and n are positive and odd integers. Since p′ = bd then b and d are also positive and odd
integers. Then d 3 and so p  9. Note also that q = (p′n+ ε)/2.
Since m 4 then m 2n+ 1 by Lemma 3.22.
Then p = bd2 = p′m/2 p′n+ p′/2 2q − ε + p′/2 > 2q (since p′  3).
Note that (C) ⇒ 4ε = −u ± q + kp. We conclude by considering the cases according to k, ﬁnding a contradiction for all
values of k. Recall that 9 p, 1 u < p and 1 2q < p.
The case: k 2.
If k 2 then 4ε −u − q + 2p −u + p − q + p > 1+ p/2 > 5; a contradiction.
The case: k−1.
If k−1 then 4ε −u − p + q−u + q − p/2− p/2−u − p/2−5; a contradiction.
The case: k = 0.
If k = 0 then 4ε = −u ± q. If 4ε = −u − q then ε = −1 and either u = q = 2 or q = 3 and u = 1 (because q  2 and
u > 0). In both cases, pv −qu = 1⇒ pv = 1+qu = 5 or 4 according to the respective cases, but p  9, so this is impossible.
Then 4ε = −u + q so u = q − 4ε. Recall that q = (bdn+ ε)/2 so u = (bdn − 7ε)/2.
Now, pv −qu = 1⇒ 4bd2v − (bdn+ε)(bdn−7ε) = 4 so bd(4dv −bdn2 +6nε)+7ε2 = 4 then bd(4dv −bdn2 −6nε) = −3
which implies that d = 3, b = 1 and 4dv−bdn2 −6nε = −1, but 4dv−bdn2 −6nε = 3(4v−bn2 −2nε) = −1; a contradiction.
The case: k = 1.
If k = 1 then 4ε = −u ± q + p.
First, we consider that 4ε = −u + q + p  q + 1 > 0, so ε = 1 and 4= p − u + q. Then either q = 2= p − u or q = 3 and
p − u = 1.
If q = 2 = (bdn + ε)/2 then bdn = 3 so d = 3,b = n = 1 and p = 9. Therefore u = p − 2 = 7 and pv − qu = 1 ⇒ 9v = 15,
which is a contradiction.
If q = 3= (bdn+ε)/2 then bdn = 5 so d = 5,b = n = 1 and p = 25. Therefore u = p−1= 24 and pv−qu = 1⇒ 25v = 73,
which is a contradiction.
It remains to consider 4ε = −u − q + p so u = p − q − 4ε.
Thus, u = bd2 − (bdn+ ε)/2− 4ε = (2bd2 − bdn− 9ε)/2.
Then, pv − qu = 1⇒ 4bd2v − (bdn+ ε)(2bd2 − bdn− 9ε) = 4.
So, bd(4dv − 2nbd2 + bdn2 + 10nε − 2dε) + 9ε2 = 4.
Thus, bd(4dv − 2nbd2 + bdn2 + 10nε − 2dε) = −5.
Therefore d = 5,b = 1 and 4dv − 2nbd2 + bdn2 + 10nε − 2dε = −1.
But now, 4dv − 2nbd2 + bdn2 + 10nε − 2dε = 5(4v − 2nbd + bn2 + 2nε − 2ε) = −1; the ﬁnal contradiction. 
Since m′ = 1 then d =m, p =mp′ and (D) ⇒ 2= x(q − p′n). Therefore, x ∈ {−2,−1,1,2}.
Claim 3.32. x = ±1.
Proof. We made the proof by absurd. We suppose that x = ±1. By Lemma 3.11(4) we may assume that b > 0, then (A) ⇒
x= ε and p = bm2. Then (B) ⇒ q = bmn+ 2ε.
Therefore, since p ∧ q = 1, the integers b and m have both to be odd, i.e. bm = 1 mod 2. Then, Lemma 3.22 implies that
m 2n+ 1. Thus, p  2bmn+ bm 2q + bm− 4.
Recall that x= −u ± q + kp, with u < p by (I).
If k > 1 then 1 x−u − q + 2p  q + bm − 3 q  2, which is a contradiction. If k < 0 then −1 x−u + q − p 
−u − q − bm+ 3−u − q−3, which is also a contradiction. Then k ∈ {0,1}.
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Therefore, pv − qu = 1 ⇒ bm2v − (bmn + 2ε)(bmn + ε) = 1, so: bm(mv − bmn2 + 3nε) = 1 + 2ε2 = 3. Then m = 3 and
b = 1 which gives 3v − 3n2 + 3nε = 1; a contradiction.
It remains to consider k = 1. In this case: x = −u + p ± q. Note that −u + p + q  q + 1 3 then x = −q − u + p (since
x= ±1). Then u = p − q − x= bm2 − bmn− 3ε = bm(m− n) − 3ε.
Now pv − qu = 1⇒ bm2v − (bmn+ 2ε)u = 1.
Therefore, bm(mv − nu − 2n(m− n)) + 6ε2 = 1.
Thus, bm(mv − nu − 2n(m− n)) = −5. Then m = 5,b = 1 and (mv − nu − 2n(m− n)) = −1.
But
mv − nu − 2n(m − n) = 5v − n(5(5− n) − 3ε)− 2n(5− n)
= 5v − 5n(5− n) + 3nε − 10ε + 2nε
= 5(v − n(5− n) + nε − 2ε)
= −1
which is the ﬁnal contradiction. 
Therefore, we may assume that x = ±2. Let εx = ±1 such that x = 2εx . By Lemma 3.11(4) we may assume that b > 0,
then (A) ⇒ εx = ε and p = bm2/2. Moreover, (B) ⇒ q = bmn/2+ ε. Then (M, K ) ∈ F− ∪ F+ and satisﬁes the conclusion of
Proposition 3.18.
This completes the proof of Proposition 3.18. 
3.5. Uniqueness of the family
To show the ﬁrst part of Theorem 3.2 we observe that the families F− and F+ are equivalent, up to homeomorphism;
that is there exists a bijection φ : F− → F+ such that for each pair (M ′, K ′) = φ((M, K )) there exists a homeomorphism
h : M → M ′ which sends K to K ′ (considering the unoriented knots).
Let b ∈ E+ and (m,n) ∈ PC . Now, let⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
p = bm
2
2
,
q− = bmn
2
− 1, q+ = bmn
2
+ 1,
r− = bmn− 1
b
, r+ = bmn+ 1
b
.
We denote by K− (resp. K+) be the (m,n)-cable of the working axis in L(p,q−) (resp. L(p,q+)). Then (L(p,q−), K−) ∈
F− and (L(p,q+), K+) ∈ F+ , where the cosmetic and rational slopes are respectively r− and r+ .
We want to show that there exists a homeomorphism h, such that
h
(
L(p,q+), K+
)∼= (L(p,q−), K−) and h(r+) = r−.
To be more precise, if we equip the knots with the coherent orientations deﬁned in Section 3.2.1, we will see that h(K+) =
K− and h(r+) = r− , with the reversed orientations.
Let (a+1 ,a
+
2 ) (resp. (a
−
1 ,a
−
2 )) be a pair of non-isotopic axes of L(p,q+) (resp. L(p,q−)), where a
+
1 (resp. a
−
1 ) denotes the
working axis.
For i ∈ {1,2}, let (μ+i , λ+i ) (resp. (μ−i , λ−i )) be a pair of (meridian, longitude) of a+i (resp. a−i ), as follows.⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
K+ =mλ+1 + nμ+1 ,
K− =mλ−1 + nμ−1 ,
μ+2 = pλ+1 + q+μ+1 ,
μ−2 = pλ−1 + q−μ−1 .
Since, q−q+ = −1+ kp, where k = bn22 , we may choose
λ+2 = −q−λ+1 − kμ+1
indeed μ+.λ+ = kp − q−q+ = +1.2 2
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Let h be the homeomorphism from L(p,q+) to L(p,q−) which swaps the axes: h(a+2 ) = −a−1 such that{
h
(
λ+2
)= −λ−1 ,
h
(
μ+2
)= −μ−1 .
Note that h reverses the orientations (because it switches the axes).
Now⎧⎪⎨
⎪⎩
h
(
μ+1
)= h(−pλ+2 − q−μ+2 )= pλ−1 + q−μ−1 = μ−2 ,
and
h
(
λ+1
)= h(q+λ+2 + kμ+2 )= −q+λ−1 − kμ−1 .
Furthermore, h(K+) = h(mλ+1 + nμ+1 ) = m(−q+λ−1 − kμ−1 ) + n(pλ−1 + q−μ−1 ) = (−mq+ + pn)λ−1 + (−km + q−n)μ−1 =
−mλ−1 − nμ−1 , which is K− with the reversed orientation.
It remains to see that h(r+) = r− with the reversed orientation. Let F+ and F− be the ﬁber in respectively L(p,q+) and
L(p,q−), such that F+ ∼ K+ and F− ∼ K−; then h(F+) = −F− , which is F− with the reversed orientation.
Now, from the deﬁnition of the preferred longitude (see Section 3.2.1) and (VI.3) in Lemma 3.6:⎧⎪⎨
⎪⎩
r+ = bF+ + μK+ ,
and
r− = bF− − μK− .
It is suﬃcient to see that h(μK+ ) = μK− . Indeed, in this case, h(r+) = −bF− +μK− = −r− , which is r− with the reversed
orientation.
Claim 3.33. h(μK+ ) = μK− .
Proof. Let V+1 and V
+
2 be the solid tori of the Heegaard diagram of L(p,q+), such that a
+
i is the core of V
+
i , for i ∈ {1,2}.
Similarly, let V−1 and V
−
2 be the solid tori of the Heegaard diagram of L(p,q−), such that a
−
i is the core of V
−
i , for i ∈ {1,2}.
Since h(K+) = −K− , then h(μK+ ) = ±μK− .
Let F+ be an oriented ﬁber on the 2-torus ∂V1 = ∂V2: F+ ∼mλ+1 + nμ+1 . To consider μK+ , we have to push the knot
slightly inside the solid torus, whose the core is the working axis, such that μK+ .K+ = +1; see Section 3.2.1 and Lemma 3.6.
Inside Int V1, μK+ .F+ = μK+ .K+ = +1. To look at h(μK+ ) we have to consider K− = h(K+) inside Int V−1 . Then, we push
slightly K+ inside Int V+2 , since h(a
+
2 ) = −a−1 , and further, μK+ .F+ = −1, see Fig. 3.
Similarly, if F− ∼ K− is an oriented ﬁber on ∂V−1 = ∂V−2 , then μK− .F− = +1 inside Int V−1 . Therefore, h(μK+ ) = μK− . 
3.6. Preserving and reversing homeomorphism
The goal of this section is to prove (viii) of Theorem 1.1.
Lemma 3.34. Let (M, K ) be a cosmetic pair, which lies in FSft up to homeomorphism. Then, there is no preserving homeomorphism
between M and MK (r) (where r is the cosmetic slope such that MK (r) ∼= M).
Proof. Keeping the above notations, this is an immediate consequence of Lemmas 3.6 and 3.19; indeed MK (a/b) ∼= −M .
Let (M, K ) ∈ FSft . Let b ∈ E+e , (m,n) ∈ PC such that M is the lens space L(p,q) where p = bm2/2,q = bmn/2− 1, and K
is an (m,n)-cable of the working axis in M .
With the above notations, MK (a/b) ∼= −L(p,−u) with qu ≡ −1 mod p, so MK (a/b) ∼= −M . We may note that for all
(m,n) ∈ PC , q = −q mod p and q2 = −1 mod p, see Claim 3.24. But there exists an automorphism which preserves the
orientation if and only if q2 = −1 mod p.
Note that we can also apply Lemma 1.6. 
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The goal of this section is to prove Theorem 3.2(iii) and (iv). First, we prove that for each lens space M which occurs
in FSft , there exists exactly one knot K such that (M, K ) ∈ FSft . Therefore, if K ′ is a Seifert ﬁbered knot in M such that
(M, K ′) is a cosmetic pair then either K ′ is an axis, or K ′ is ambient isotopic to K .
Lemma 3.35. Let (M, K ) ∈ FSft . Assume that there exists a Seifert ﬁbered knot K ′ in M such that (M, K ′) ∈ FSft , then K ′ is ambient
isotopic to K .
Proof. Let (M, K ) ∈ FSft . Let b ∈ E+e , (m,n) ∈ PC such that M is the lens space L(p,q) where p = bm
2
2 ,q = bmn2 − 1, and K
is an (m,n)-cable of the working axis in M .
Let K ′ be a Seifert ﬁbered knot in M such that (M, K ′) ∈ FSft . Then there exist b′ ∈ E+e and (m′,n′) ∈ PC such that K ′ is
an (m′,n′)-cable of the working axis of M and further p = b′m′22 and q = b
′m′n′
2 − 1.
Then bm2 = b′m′2 and bmn = b′m′n′ . Thus bm = b′m′2/m and bmn = b′m′n′ ⇒m′n =mn′ . Since m∧n =m′ ∧n′ = 1, then
m′ =m and n′ = n. 
Corollary 3.36. Let (M, K ) ∈ FSft , and r be the rational slope such that MK (r) ∼= M.
Then, K is determined by its complement, and there exists an automorphism on MK which sends μK to r.
Proof. Let (M, K ) ∈ FSft , and r be the rational slope such that MK (r) ∼= M .
First, we see that K is determined by its complement. Let K ′ be a knot in M such that MK ∼= MK ′ . Let h be a home-
omorphism from MK ′ to MK . We made the proof by absurd. Assume for a contradiction that h(μK ′ ) = γ = μK . Then
MK (γ ) ∼= M , so γ = r by Proposition 3.18. Let r′ = h−1(μK ), then MK ′ (r′) ∼= M . Therefore, K ′ is ambient isotopic to K in M ,
by Lemma 3.35; so (M, K ) ∼= (M, K ′).
Now, let h be the homeomorphism from MK (r) to MK (μK ). Let K ′ = h(Kr), where Kr is the core of the r-Dehn surgery.
By Lemma 3.35, K ′ is ambient isotopic to K . Hence, there exists a homeomorphism φ from (M, K ′) onto (M, K ). The
composition φ ◦ h retsricted to MK is an automorphism which sends μK to r; for more details see Lemma 1.5. 
To conclude this section, we describe an automorphism on MK which sends μK to r.
3.7.1. Automorphism on MK which switches the slopes
We want to ﬁnd explicitly an automorphism of MK , which sends the meridian slope μK to the rational slope r =
−μK + bF , where F is the ﬁber (the slope r is denoted by mK in the proof of Lemma 3.6).
We keep the above notations. Let (a1,a2) be a pair of non-isotopic axes of M , and V1, V2 be the solid tori such that M
is V1 ∪ V2 and ai is the core of Vi , for i ∈ {1,2}. Recall that K is an (m,n)-cable of a1, with m  2. Let TV = ∂V1 = ∂V2
and TK = ∂N (K ). The 2-torus TK is divided into two annuli A1 and A2, properly embedded in V1 and V2 respectively. Let
A be the annulus TV − IntN (K ). Let T1 be A ∪ A1 and T2 be A ∪ A2. Then MK is the union of the solid tori W1 and W2
bounded by T1 and T2 respectively.
Now, for i = 1 and 2, let Zi be a thin regular neighborhood of ai in the interior of Vi , and Yi = Wi − Int Zi ; we denote
by μZi the meridian slope of Zi .
Let Y be MK − (Z1 ∪ Z2) = Y1 ∪ Y2. Note that Y1 ∩ Y2 = A. In the following, we construct two automorphisms g and h
of Y , such that g ◦ h is an automorphism which satisﬁes:
(i) g ◦ h(μK ) = r on TK ;
(ii) g ◦ h(μZi ) = −μZ j , where {i, j} = {1,2}.
Then we can extend g ◦ h to an automorphism f on MK , which sends μK to r.
Before going further in details, let us see brieﬂy g and h. We can consider A × [−1,1] inside Y ; then h is generated
by the twisted product of −b/2 Dehn twist along the ﬁber in the annulus A inside A × [−1,1] (A × {t} is mapped to
A × {−t}).
While g is the product of b Dehn twist along the ﬁber in the annulus A1 in Y1, considering Y1 as T1 × [0,1]. Let us see
this in more details.
Construction of h. There exists a homeomorphism φ from A × [−1,1] ∪ A1 × [0,1] ∪ A2 × [−1,0] to Y , such that:
φ|A×{0} , φ|A1×{0} and φ|A2×{0} are the natural projections;
i.e. φ|A×{0}(x,0) = x,∀x ∈ A, and similarly for φ|A1×{0} and φ|A2×{0} .
φ(A × {1} ∪ A1 × {1}) = ∂ Z1 and φ(A × {−1} ∪ A2 × {−1}) = ∂ Z2.
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2-tori Zt are parallel to ∂ Z1 and Z−t are parallel to ∂ Z2.
Let τh be the automorphism on A, which twists −b/2 times along the ﬁber (recall that b is an even integer). We may
recall that τh |∂ A = id∂ A . Now, we deﬁne h by decomposing h on φ(A × [−1,1]), φ(A1 × [0,1]) and φ(A2 × [−1,0]).
Before, we need to deﬁne the homeomorphism κ from A1 to A2. Let αi (for i ∈ {1,2}) be properly embedded and
oriented arcs in Ai such that μK = α1 ∪ α2. Let κ be the homeomorphism from A1 to A2, such that κ(α1) = −α2 and
κ(F ) = F , where F is the oriented ﬁber (note that Ai = αi × F ). More precisely, κ(α1(u), F (v)) = (α2(1− u), F (v)), where
(u, v) ∈ [0,1]2 and ∀(x, y) ∈ A1, ∃(u, v) such that (x, y) = (α1(u), F (v)) (we made the confusion between the simple closed
curves αi, F and the maps αi, F ).
Now, we deﬁne the automorphism h as follows, via φ:
– h is τh × −id from A × [−1,1] to A × [−1,1];
– h is κ × −id from A1 × [0,1] to A2 × [−1,0];
– h is κ−1 × −id from A2 × [−1,0] to A1 × [0,1].
Therefore, h sends Zt to Z−t (for all t ∈ [−1,1]) by twisting −b/2 times along the ﬁber F (in the annulus A). Moreover, h
sends TK to TK with h(μK ) = κ(α1) ∪ κ−1(α2) = −α2 ∪ −α1 = −μK .
Construction of g . There exists a homeomorphism ψ from Y1 to T1 ×[0,1], where T1 ×{0} = ψ(T1) and T1 ×{1} = ψ(∂ Z1).
Let τg be the homeomorphism on T1, which twists b times along the ﬁber in the annulus A1. We may note that τg is the
identity on A.
Similarly, we consider g on Y1 and Y2.
On Y1, g is τg × id[0,1] via ψ ; i.e. for all t ∈ [0,1], ψ ◦ g ◦ ψ−1(x, t) = (τg(x), t). Note that g is the identity on the
boundary components of A1.
On Y2, g is the identity.
Properties of g ◦ h. Therefore g ◦ h is an automorphism on Y . It remains to check that g ◦ h satisﬁes:
(i) g ◦ h(μK ) = r on TK ;
(ii) g ◦ h(μZi ) = −μZ j , where {i, j} = {1,2}.
We recall for convenience that p = b2m2,q = b2mn− 1 and u = b2mn+ 1 (and ε = −1).
Proof of (i). g|TK is b twisting along F , then g ◦ h(μK ) = g(−μK ) = −μK + bF (since μK .F = −1 on TK ). Therefore g ◦
h(μK ) =mK (see (VI.3) in the proof of Lemma 3.6). 
Proof of (ii). h is − b2 twisting on ∂ Z1. Since μZ1 .F =m:
h(μZ1) = μZ1 −
b
2
mF
= μZ1 −
b
2
m(mλ1 + nμZ1)
= −b
2
m2λ1 − (b
2
mn − 1)μZ1 .
Hence, h(μZ1 ) = −pλ1 − qμZ1 = −μZ2 (see (III) in Section 3.2.1).
On the other hand, g is the identity on ∂ Z2. Therefore, g ◦ h(μZ1) = g(−μZ2) = −μZ2 . 
Similarly, h is − b2 twisting on ∂ Z2, and μZ2 .F = −m, then: h(μZ2 ) = μZ2 + b2mF .
On the other hand, g is b twisting along F on ∂ Z1. Therefore,
g ◦ h(μZ2) = g(μZ2) +
b
2
mF
= μZ2 −
b
2
mF
= μZ2 −
b
2
m(−mλ2 − nμZ2)
= bm2λ2 +
(
b
mn+ 1
)
μZ22 2
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= pλ2 + uμZ2
= −μZ1
(
see (III) in Section 3.2.1
)
.
Therefore, g ◦ h has the required properties and can be extended on MK . Note that this automorphism sends μK to r =
−μK + bF and preserves F ; then it reverses the orientation on ∂MK (its matrix is negative).
4. Satellite knots in lens spaces
This section is devoted to study the cosmetic pairs (M, K ) when M is a lens space and K is a satellite knot in M . The
goal is to prove Theorem 1.1 for satellite knots.
The family FSat of cosmetic pairs, which occurs in Theorem 1.1, is rather simple to formulate. Let Wt be the braid
obtained by t right-hand half twists on two strings in the standard solid torus, where t ∈ Z; see Fig. 4. Note that t = 0 and
if t is negative, then the braid is obtained by −t left-hand half twists.
Let k0 be a non-trivial knot and h be the homeomorphism from the standard solid torus to N (k0), which preserves
the preferred longitudes. We denote by Wt(k0) the image h(Wt). Here is the deﬁnition of the family FSat which occurs in
Theorem 1.1.
Deﬁnition ofF Sat
Let PC denote the set of ordered pairs (m,n), where m and n are positive and coprime integers such that 2n m.
Then
FSat =
{(
L
(
2m2,2mn − 1),W−2mn+1(Km,n)), (m,n) ∈ PC}
where Km,n is an (m,n)-cable of the working axis in L(2m2,2mn− 1).
The main goal of this section is the proof of the following theorem, which implies Theorem 1.1 for satellite knots.
Theorem 4.1. Let k be a satellite knot in a lens space L. Then the pair (L,k) is cosmetic if and only if there exists a pair (M, K ) ∈ FSat
such that (L,k) ∼= (M, K ).
Moreover, let (m,n) ∈ PC such that M = L(p,q), where p = 2m2, q = 2mn − 1 and K is ambient isotopic to W−q(Km,n), where
Km,n is an (m,n)-cable of the working axis in M. Let (μK , λK ) be a preferred framing for K . Then the following claims all are satisﬁed.
(i) Let r = μK . Then MK (r) ∼= M if and only if r = 4mn− 1.
(ii) There is no preserving homeomorphism between M and MK (r).
(iii) There exists an automorphism of MK which sends μK to r.
(iv) If K ′ is a satellite knot in M such that (M, K ′) is a cosmetic pair, then K ′ is ambient isotopic to K .
The preferred framing for K is a pair of slopes (μK , λK ) on ∂N (K ), such that μK is a meridian and λK is a longitude
which is homologous to a positive multiple of the longitude of Km,n in H1(N (Km,n)K ,Z).
We may note the immediate following consequences. For the ﬁrst one, we simply follow Theorem 4.1(iv).
Corollary 4.2. Let M be a lens space. There is at most one satellite knot k such that (M,k) is a cosmetic pair.
Corollary 4.3. Satellite knots are determined by their complements in lens spaces.
Proof. We simply follow the proof of Corollary 3.4. 
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Corollary 4.4. Let M be a lens space and K a satellite knot in M, with companion a hyperbolic knot. Then (M, K ) is not a cosmetic
pair.
Remark 4.5. Let p be a positive integer such that p > 1, and let M be the lens space L(p,q). If M contains a satellite knot
K such that (M, K ) is a cosmetic pair, then either M ∼= L(8,3) or p  18.
Note further that if M is L(8,3) and K is the satellite knot in M such that (M, K ) is a cosmetic pair, then K is W 3 (K0),
where K0 is the (2,1)-cable of the working axis; this example has been tested by the SnapPea program [20], and this is
illustrated in Fig. 5, with the slope 8/3 on the axis and the slope 7/1 on the cabled knot K .
Proof of Theorem 4.1. We begin to show the ﬁrst part of Theorem 4.1, that is FSat represents all the cosmetic pairs (M, K )
when M is a lens space and K is a satellite knot; and inversely the pairs in FSat all are cosmetic pairs.
Let M be the lens space L(p,q) and K a satellite knot, with K0 as companion. Let V0 = N (K0) be a regular neighborhood
of K0 in M . Recall that MK = M − intN (K ), where N (K ) is a regular neighborhood of K . Since K is a satellite knot, MK is
not a solid torus (∂V0 is incompressible in MK ).
If MK (a/b) ∼= M then ∂V0 bounds a solid torus in MK (a/b). Therefore MK (a/b) ∼= MK0 ∪∂V0 V0K (a/b), where V0K (a/b)
is the solid torus obtained by an a/b-Dehn surgery on K in V0. Now, we may consider that K0 is an innermost companion;
so K0 is not a satellite knot. By Berge and Gabai [1,10] K is a 0 or 1-bridge braid in the solid torus V0.
Let W0 be the solid torus V0K (a/b). The new meridian of W0 is a slope denoted by P/Q for a framing for ∂W0
(following the notations in Berge’s paper for convenience [1]). Then M is also obtained by a Dehn surgery along K0 (the
core of V0) along the slope denoted by P/Q . By [1, Theorem 2.5] there exist integers B and q such that Q = B2 or Q = qB2,
where B > 1; then (1/0, P/Q ) = |Q | > 1. Therefore, by the Cyclic Surgery Theorem [5] K0 is a Seifert ﬁbered knot in M .
Then, we choose the preferred framing (μ0, λ0) for K0; see Section 3.2.1. Thus, by Theorem 3.2 (M, K ) ∈ FSft . Hence, there
exists (m,n) ∈ PC such that K0 is an (m,n)-cable of the working axis of M . Furthermore,
(∗) P = Qmn− 1
and by Lemmas 3.6 and 3.19 MK0(P/Q ) = L(p,q).
From [1, Theorem 2.5], P/Q bounds a disk in W2 if and only if there exist integers b, B, A and δ = ±1 such that either
Case (1) or Case (2) below holds, with 0 < 2A  B , and A ∧ B = 1.
Case (1). P = bB + δA and Q = B2 where B  2A > 0.
Case (2). P = q′bB + δ and Q = q′B2 where B > 1 and q′ > 1.
Remark 4.6 (Notations). For convenience, we follow the notations of Berge’s paper [1]. Note that the slope P/Q bounds a
disk in W0, for a framing for ∂W0. Hence, we may assume that P = a and Q = b, where a and b are the integers deﬁned
in Section 3.2.1 and Proposition 3.18. This integer b does not correspond to the integer b in the Berge Cases (1) and (2).
Claim 4.7. Case (2) is impossible.
Proof. We proceed by absurd. If Case (2) is satisﬁed then Case (2) and (∗) give P = Qmn − 1 = q′Bb + δ and Q = q′B2. So
q′B2mn− 1= q′Bb + δ. Thus, q′B(Bmn− b) = δ + 1. But this is impossible because q′  2, B  2 and |δ| = 1. 
Therefore, we may assume that Case (1) is satisﬁed. Now Case (1) and (∗) give P = Qmn − 1 = B2mn − 1 = bB + δA.
Thus
B(Bmn − b) = δA + 1, where 0 < 2A  B and δ = ±1.
Claim 4.8. Bmn− b = 0.
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Proof. If Bmn − b = 0 then b = Bmn and A = −δ > 0, so A = 1 and δ = −1. Since A = 1, only Case (1) or Case (2) of
[1, Table 3] holds. But B ∧ b = B  2A  2 which is a contradiction to both cases. 
Thus, we may assume that Bmn− b = 0.
Claim 4.9. The integers A, B,b, δ satisfy class (1) in [1, Table 3], and we have Table 1.
Proof. Since Bmn−b = 0, then 2A  B  |B(Bmn−b)| |δA+1| A+1; then A = 1, B = 2,b = Bmn±1 and δA+1= A+1
or −A − 1 so δ = 1.
Therefore: Q = 4 and P = 2b + δ = 2b + 1= 4mn− 1, so b = 2mn− 1= q and p = 2m2, by Proposition 3.18.
Since A = 1 and B = 2, only class (1) in [1, Table 3] holds. 
Since class (1) in [1, Table 3] holds, then K is a knot of type I in [1, Table 3], i.e. a = 1 in [1, Table 3]. Therefore, K is
ambient isotopic in V0 to a 1-braid knot with standard form W
−δ
A+1−aW
−b
B = W−11 W−q2 , which is W−q(K0).
Inversely, we may check that if b = 2mn − 1, A = 1, B = 2 and δ = −1 then the integers A, B,b, δ satisfy class (1) in
[1, Table 3] and Case (1) above. Moreover, P = 4mn−1 and Q = 4 which satisfy Theorem 3.2 with p = 2m2 and q = 2mn−1.
That concludes the proof of the ﬁrst part of Theorem 4.1.
Furthermore, the cosmetic slope is P/1= (4mn− 1)/1 for which we choose a preferred framing for the satellite knot K ;
see Case (1) in [1, Theorem 2.5]; which proves (i).
Now, MK (P/1) ∼= MK0 (a/b) ∼= M by Lemma 3.19, which proves (ii).
To prove Theorem 4.1(iii) and (iv), we follow exactly Section 3.7, in particular Lemma 3.35 and Corollary 3.36. Let
(M, K ) ∈ FSat .
The uniqueness of the knot (iv) is an immediate consequence of the ﬁrst part of Theorem 4.1 and the deﬁnition of FSat
(we simply repeat the argument of Lemma 3.35).
To prove (iii), we proceed exactly as in Corollary 3.36. First, the uniqueness of the knot (iv) implies that K is determined
by its complement. Then (i) implies there is a single rational slope r such that MK (r) ∼= M . Now, by Lemma 1.5 we see that
there exists an automorphism on MK which sends μK to r, where MK (r) ∼= M .
Additional remark. We may note that such automorphism can be described. We denote by V0 the tubular neighborhood of
K0, N (K0). Thus, V0K denotes the complement of K in V0, i.e. V0 − IntN (K ). Then MK0 is M − V0K . Outside V0K , h is the
automorphism on MK0 described at the end of Corollary 3.36. Inside V0K , h is an automorphism on V0K which sends μK to
r and m0 to mr , where m0 and mr are the meridian slopes of the solid tori V0 and V0K (r) respectively. This automorphism
exists because such knots are determined by their complements in solid tori, see [1].
This completes the proof of Theorem 4.1. 
Following Lemma 3.34 or Lemma 1.6, we obtain the following result.
Corollary 4.10. Let (m,n) ∈ PC such that M is the lens space L(p,q) where p = 2m2,q = 2mn− 1, and (M, K ) ∈ FSat . Then there is
no preserving homeomorphism between M and MK (r).
Acknowledgements
I wish to thank Cameron Gordon, Kimihiko Motegi, Yongwu Rong and Jeffrey R. Weeks for their kindness, interesting
discussions and comments.
References
[1] J. Berge, The knots in D2 × S1 which have nontrivial Dehn surgeries that yield D2 × S1, Topology Appl. 38 (1991) 1–19.
[2] S.A. Bleiler, C.D. Hodgson, J.R. Jeffrey Weeks, Cosmetic surgery on knots, in: Proceedings of the Kirbyfest, Berkeley, CA, 1998, in: Geom. Topol. Monogr.,
vol. 2, 1998, pp. 23–34 (electronic); Geom. Topol. Publ., Coventry, 1999.
[3] M. Boileau, S. Boyer, M. Domergue, Y. Mathieu, Complements of null-homotopic knots, preprint.
[4] E.J. Brody, The topological classiﬁcation of the lens spaces, Ann. of Math. 71 (1960) 163–184.
[5] M. Culler, C.McA. Gordon, J. Luecke, P.B. Shalen, Dehn surgery on knots, Ann. of Math. 125 (1987) 237–300.
[6] M. Dehn, Über die Topologie des dreidimensionalen Raumes, Math. Ann. 69 (1910) 137–168.
[7] M. Domergue, Y. Mathieu, Nœuds qui ne sont pas déterminés par leur complément dans les 3-variétés à bord, Bull. Soc. Math. France 119 (3) (1991)
327–341.
[8] D. Gabai, Foliations and the topology of 3-manifolds, II, J. Differential Geom. 18 (1983) 461–478.
D. Matignon / Topology and its Applications 157 (2010) 1900–1925 1925[9] D. Gabai, Foliations and the topology of 3-manifolds, III, J. Differential Geom. 26 (1987) 479–536.
[10] D. Gabai, Surgery on knots in solid tori, Topology 28 (1) (1989) 1–6.
[11] C.McA. Gordon, J. Luecke, Knots are determined by their complements, J. Amer. Math. Soc. 2 (1989) 371–415.
[12] M. Lackenby, Dehn surgery on knots in 3-manifolds, J. Amer. Math. Soc. 10 (1997) 835–864.
[13] Y. Mathieu, Closed 3-manifolds unchanged by Dehn surgery, J. Knot Theory Ramiﬁcations 1 (1992) 279–296.
[14] D. Matignon, Knot complement problem for hyperbolic knots in lens spaces, preprint.
[15] L. Moser, Elementary surgery along a torus knot, Paciﬁc J. Math. 38 (3) (1971) 737–745.
[16] D. Rolfsen, Knots and Links, Publish or Perish, Berkeley, CA, 1976.
[17] Y. Rong, Some knots not determined by their complements, in: Quantum Topology, in: Ser. Knots Everything, vol. 3, World Sci. Publ., River Edge, NJ,
1993, pp. 339–353.
[18] W.P. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math. Soc. 6 (1982) 357–381.
[19] H. Tietze, Über die Topologischen Invarianten mehrdimensionaler Mannigfaltigkeiten, Monatsh. Math. Phys. 19 (1908) 1–118.
[20] J. Weeks, SnapPea: a computer program for creating and studying hyperbolic 3-manifolds, available from http://www.northnet.org/weeks.
